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Especially, two sharp inequalities are derived when n is an odd and an even integer,
respectively.
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1. Introduction
Error analysis for known and new quadrature rules has been extensively studied in recent years. The approach from an
inequalities point of view to estimate the error terms has been used in these studies (see [1–22] and the references therein).
In [19], by appropriately choosing the Peano kernel
Gn(x) =

1
n! (x− a)
n, x ∈
[
a,
3a+ b
4
]
,
1
n!

x− a+ b
2
n
, x ∈

3a+ b
4
,
a+ 3b
4

,
1
n! (x− b)
n, x ∈
[
a+ 3b
4
, b
] (1)
and introducing the notations
I =
∫ b
a
f (x)dx,
Fn = b− a2
[
f

3a+ b
4

+ f

a+ 3b
4
]
−

n−1
2
−
i=1
2(b− a)2i+1
42i+1(2i+ 1)!
[
f (2i)

3a+ b
4

+ f (2i)

a+ 3b
4
]
,
error inequalities for a generalized quadrature rule of open type were derived as follows, where
 n−1
2

denotes the integer
part of n−12 .
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Theorem 1. Let f : [a, b] → R be a function such that f (n−1), n > 1, is absolutely continuous.
If there exist real numbers γn,Γn such that γn ≤ f (n)(x) ≤ Γn, x ∈ [a, b], then
|I − Fn| ≤ 12
Γn − γn
(n+ 1)!
n
4n
(b− a)n+1, if n is odd (2)
and
|I − Fn| ≤ (b− a)
n+1n
(n+ 1)!4n ‖f
(n)‖∞, if n is even. (3)
If there exists a real number γn such that γn ≤ f (n)(x), x ∈ [a, b], then
|I − Fn| ≤
[
f (n−1)(b)− f (n−1)(a)
b− a − γn
]
1
n!4n (b− a)
n+1, if n is odd. (4)
If there exists a real number Γn such that f (n)(x) ≤ Γn, x ∈ [a, b], then
|I − Fn| ≤
[
Γn − f
(n−1)(b)− f (n−1)(a)
b− a
]
1
n!4n (b− a)
n+1, if n is odd. (5)
In [14], by choosing
Mn(x) =

(x− a)n
n! , x ∈
[
a,
a+ b
2
]
,
(x− b)n
n! , x ∈

a+ b
2
, b
]
.
(6)
Liu provided the following sharp perturbed midpoint inequalities by using the variant of the Grüss inequality.
Theorem 2. Let f : [a, b] → R be such that f (n) is integrable with γn ≤ f (n)(x) ≤ Γn for all x ∈ [a, b], where γn,Γn ∈ R are
constants. Then
∫ b
a
f (x)dx− f

a+ b
2

(b− a)−
n−1
k=1
[1+ (−1)k](b− a)k+1
2k+1(k+ 1)! f
(k)

a+ b
2

− [1+ (−1)
n](b− a)n+1
2n+1(n+ 1)!
f (n−1)(b)− f (n−1)(a)
b− a

≤ Γn − γn
(n+ 1)!
[
1− (−1)n
2
+ [1+ (−1)
n]n
(n+ 1) n√n+ 1
]
1
2n+1
(b− a)n+1. (7)
In [13], by choosing the kernel
Sn(x) =

(x− a)n−1
n!
[
x− a− n(b− a)
6
]
, x ∈
[
a,
a+ b
2
]
,
(x− b)n−1
n!
[
x− b+ n(b− a)
6
]
, x ∈

a+ b
2
, b
]
,
(8)
an inequality of Simpson type for an n-times continuously differentiable mapping was given as follows.
Theorem 3. Let f : [a, b] → R be an n-times continuously differentiable mapping, n ≥ 1 and such that ‖f (n)‖∞ :=
supx∈(a,b) |f (n)(x)| <∞. Then
∫ b
a
f (x)dx− b− a
6
[
f (a)+ 4f

a+ b
2

+ f (b)
]
+

n−1
2
−
i=2
(i− 1)(b− a)2i+1
3(2i+ 1)!22i−1 f
(2i)

a+ b
2

≤ (b− a)
n+1
(n+ 1)! ‖f
(n)‖∞ ×

4nn
6n+1
− n− 2
3 · 2n , if n < 3,
n− 2
3 · 2n , if n ≥ 3.
(9)
2220 W. Liu et al. / Computers and Mathematics with Applications 62 (2011) 2218–2224
In [17], using the well-known pre-Grüss inequality, Pec˘arić and Varos˘anec obtained different error bounds for inequality
(9). Liu [15] generalized inequality (9) and also provided an improvement of [17]. More recently, Shi and Liu [18] further
derived some sharp Simpson type inequalities.
Motivated by this research, in this paper we will establish some new error inequalities for the above generalized
quadrature rule of open type. Especially, we will derive two sharp inequalities when n is an odd and an even integer,
respectively.
2. Preliminaries
In this section, we present some lemmas needed in the proof of our main results.
Lemma 1 ([19]). Let f : [a, b] → R be a function such that f (n−1), n > 1, is absolutely continuous. Then∫ b
a
f (x)dx = b− a
2
[
f

3a+ b
4

+ f

a+ 3b
4
]
−

n−1
2
−
i=1
2(b− a)2i+1
42i+1(2i+ 1)!
[
f (2i)

3a+ b
4

+ f (2i)

a+ 3b
4
]
+ R(f ), (10)
where
R(f ) = (−1)n
∫ b
a
Gn(x)f (n)(x)dx,
and Gn(x) is defined as (1).
Lemma 2. The Peano kernels Gn(t), satisfy∫ b
a
Gn(x)dx =

0, n odd,
(b− a)n+1
(n+ 1)!4n , n even,
(11)
∫ b
a
|Gn(x)|dx = (b− a)
n+1
(n+ 1)!4n , (12)
max
x∈[a,b]
|Gn(x)| = (b− a)
n
n!4n , (13)∫ b
a
G2n(x)dx =
(b− a)2n+1
(2n+ 1)(n!)242n , (14)
max
x∈[a,b]
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 = 2m(b− a)2m(2m+ 1)!42m , (15)∫ b
a
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 dx = 12m(b− a)2m+1
(2m+ 1)! 2m√2m+ 1(2m+ 1)42m+1 . (16)
Proof. The proof of (11)–(13) were given in [19]. (14) can be obtained by a direct calculation.
From (11), we have
max
x∈[a,b]
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 = maxx∈[a,b]
G2m(x)− (b− a)2m(2m+ 1)!42m

= max

max
x∈

a, 3a+b4

 1(2m)! (x− a)2m − (b− a)2m(2m+ 1)!42m
, maxx∈ 3a+b4 , a+3b4 
 1(2m)!

x− a+ b
2
2m
− (b− a)
2m
(2m+ 1)!42m
,
max
x∈

a+3b
4 ,b

 1(2m)! (x− b)2m − (b− a)2m(2m+ 1)!42m


= max

(b− a)2m
(2m+ 1)!42m ,
(b− a)2m
42m
[
1
(2m)! −
1
(2m+ 1)!
]
= 2m(b− a)
2m
(2m+ 1)!42m .
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Thus, (15) is obtained.
To prove (16), we denote
x1 = a+ 12m√2m+ 1
b− a
4
, x2 = a+ b2 +
1
2m√2m+ 1
b− a
4
.
Then
x1 ∈
[
a,
3a+ b
4
]
, x2 ∈
[
a+ b
2
,
a+ 3b
4
]
.
Thus we have∫ b
a
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 dx
= 2
∫ 3a+b
4
a
 1(2m)! (x− a)2m − (b− a)2m(2m+ 1)!42m
 dx+ ∫ a+3b43a+b
4
 1(2m)!

x− a+ b
2
2m
− (b− a)
2m
(2m+ 1)!42m
 dx
= 2
∫ x1
a
[
(b− a)2m
(2m+ 1)!42m −
1
(2m)! (x− a)
2m
]
dx+ 2
∫ 3a+b
4
x1
[
1
(2m)! (x− a)
2m − (b− a)
2m
(2m+ 1)!42m
]
dx
+
∫ x2
3a+b
4

(b− a)2m
(2m+ 1)!42m −
1
(2m)!

x− a+ b
2
2m
dx+
∫ a+3b
4
x2

1
(2m)!

x− a+ b
2
2m
− (b− a)
2m
(2m+ 1)!42m

dx
= 12m(b− a)
2m+1
(2m+ 1)! 2m√2m+ 1(2m+ 1)42m+1 .
This completes the proof. 
3. Main results
We first establish two new error inequalities for f (n) ∈ L1[a, b] and f (n) ∈ L2[a, b], respectively.
Theorem 4. Let f : [a, b] → R be a function such that f (n−1), n > 1, is absolutely continuous on [a, b]. If f (n) ∈ L1[a, b], then
we have
|I − Fn| ≤ (b− a)
n
n!4n ‖f
(n)‖1, (17)
where ‖f (n)‖1 :=
 b
a |f (n)(x)|dx is the usual Lebesgue norm on L1[a, b].
Proof. By using identity (10), we have
|I − Fn| =
∫ b
a
Gn(x)f (n)(x)dx
 ≤ maxx∈[a,b] |Gn(x)|
∫ b
a
|f (n)(x)|dx. (18)
Consequently, inequality (17) follows from (18) and (13). 
Theorem 5. Let f : [a, b] → R be a function such that f (n−1), n > 1, is absolutely continuous on [a, b]. If f (n) ∈ L2[a, b], then
we have
|I − Fn| ≤ (b− a)
n+ 12√
2n+ 1n!4n ‖f
(n)‖2, (19)
where ‖f (n)‖2 :=
 b
a |f (n)(x)|2dx
 1
2
is the usual Lebesgue norm on L2[a, b].
Proof. By using identity (10), we have
|I − Fn| =
∫ b
a
Gn(x)f (n)(x)dx
 ≤ ‖f (n)‖2‖Gn‖2. (20)
Consequently, inequality (19) follows from (20) and (14). 
Then, if f (n) is integrable and bounded and n is an even integer, we prove some perturbed error inequalities.
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Theorem 6. Let f : [a, b] → R be such that f (n)(n ≥ 1) is integrable with γn ≤ f (n)(x) ≤ Γn for all x ∈ [a, b], where γn,Γn ∈ R
are constants. If n is an even integer (n = 2m), we haveI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 ≤ [ f (2m−1)(b)− f (2m−1)(a)b− a − γ2m
]
2m(b− a)2m+1
(2m+ 1)!42m , (21)I − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 ≤ [Γ2m − f (2m−1)(b)− f (2m−1)(a)b− a
]
2m(b− a)2m+1
(2m+ 1)!42m , (22)I − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 ≤ Γ2m − γ2m(2m+ 1)! 6m(b− a)2m+12m√2m+ 1(2m+ 1)42m+1 . (23)
Proof. By (11) and (10), we can also obtainI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 = ∫ b
a
[
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
]
[f (2m)(x)− C]dx
 , (24)
where C ∈ R is a constant.
If we choose C = γ2m, we haveI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a

≤ max
x∈[a,b]
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 ∫ b
a
|f (2m)(x)− γ2m|dx, (25)
and hence inequality (21) follows from (25) and (15).
Similarly, we can prove that inequality (22) holds.
If we choose C = γ2m+Γ2m2 , we haveI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a

≤ max
x∈[a,b]
f (2m)(x)− γ2m + Γ2m2
 ∫ b
a
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 dx
= Γ2m − γ2m
2
∫ b
a
G2m(x)− 1b− a
∫ b
a
G2m(x)dx
 dx, (26)
and hence inequality (23) follows from (26) and (16). 
Next, we derive two sharp inequalities when n is an odd and an even integer, respectively.
Theorem 7. Let f : [a, b] → R be a function such that f (n−1) is absolutely continuous on [a, b] and f (n) ∈ L2[a, b], where n is
an odd integer. Then we have
|I − Fn| ≤ (b− a)
n+ 12√
2n+ 1n!4n

σ(f (n)), (27)
where σ(·) is defined by σ(f ) = ‖f ‖22 − 1b−a
 b
a f (x)dx
2
. Inequality (27) is sharp in the sense that the constant 1√
2n+1n!4n
cannot be replaced by a smaller one.
Proof. From (10), (11) and (14), we can easily get
|I − Fn| =
∫ b
a
Gn(x)
[
f (n)(x)− 1
b− a
∫ b
a
f (n)(x)dx
]
dx

≤
∫ b
a
G2n(x)dx
 1
2
∫ b
a
[
f (n)(x)− 1
b− a
∫ b
a
f (n)(x)dx
]2
dx
 1
2
=

(b− a)2n+1
(2n+ 1)(n!)242n
 1
2

‖f (n)‖22 −
[f (n−1)(b)− f (n−1)(a)]2
b− a
 1
2
= (b− a)
n+ 12√
2n+ 1n!4n

σ(f (n)).
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To prove the sharpness of (27), we suppose that (27) holds with a constant C > 0 as
|I − Fn| ≤ C(b− a)n+ 12

σ(f (n)). (28)
We may find a function f : [a, b] → R such that f (n−1) is absolutely continuous on [a, b] as
f (n−1)(x) =

1
(n+ 1)! (x− a)
n+1, x ∈
[
a,
3a+ b
4
]
,
1
(n+ 1)!

x− a+ b
2
n+1
, x ∈

3a+ b
4
,
a+ 3b
4

,
1
(n+ 1)! (x− b)
n+1, x ∈
[
a+ 3b
4
, b
]
.
It follows that
f (n)(x) = Gn(x). (29)
It is easy to find that the left-hand side of inequality (28) becomes
L.H.S.(28) = (b− a)
2n+1
(2n+ 1)(n!)242n , (30)
and the right-hand side of inequality (28) is
R.H.S.(28) = 1√
2n+ 1n!4n C(b− a)
2n+1. (31)
It follows from (28), (30) and (31) that
C ≥ 1√
2n+ 1n!4n ,
which prove that the constant 1√
2n+1 n!4n is the best possible in (27). 
Theorem 8. Let f : [a, b] → R be a function such that f (n−1) is absolutely continuous on [a, b] and f (n) ∈ L2[a, b], where n is
an even integer (n = 2m). Then we haveI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 ≤ 2m(b− a)2m+ 12√4m+ 1(2m+ 1)!42mσ(f (2m)). (32)
Inequality (32) is sharp in the sense that the constant 2m√
4m+1(2m+1)!42m cannot be replaced by a smaller one.
Proof. From (10), (11) and (14), we can easily getI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a

=
∫ b
a
G2m(x)f (2m)(x)dx− 1b− a
∫ b
a
G2m(x)dx
∫ b
a
f (2m)(x)dx

= 1
2(b− a)
∫ b
a
∫ b
a
[G2m(x)− G2m(t)][f (2m)(x)− f (2m)(t)]dxdt

≤ 1
2(b− a)
∫ b
a
∫ b
a
[G2m(x)− G2m(t)]2dxdt
 1
2
∫ b
a
∫ b
a
[f (2m)(x)− f (2m)(t)]2dxdt
 1
2
=
∫ b
a
G22m(x)dx−
1
b− a
[∫ b
a
G2m(t)dt
]2 12 ∫ b
a
[f (2m)(x)]2dx− 1
b− a
[∫ b
a
f (2m)(t)dt
]2 12
= 2m(b− a)
2m+ 12√
4m+ 1(2m+ 1)!42m

σ(f (2m)).
2224 W. Liu et al. / Computers and Mathematics with Applications 62 (2011) 2218–2224
To prove the sharpness of (32), we suppose that (32) holds with a constant C > 0 asI − F2m − (b− a)2m+1(2m+ 1)!42m f (2m−1)(b)− f (2m−1)(a)b− a
 ≤ C(b− a)2m+ 12σ(f (2m)). (33)
We may find a function f : [a, b] → R such that f (n−1) is absolutely continuous on [a, b] as
f (2m−1)(x) =

1
(2m+ 1)! (x− a)
2m+1 − (b− a)
2m+1
2(2m+ 1)!42m , x ∈
[
a,
3a+ b
4
]
,
1
(2m+ 1)!

x− a+ b
2
2m+1
, x ∈

3a+ b
4
,
a+ 3b
4

,
1
(2m+ 1)! (x− b)
2m+1 + (b− a)
2m+1
2(2m+ 1)!42m , x ∈
[
a+ 3b
4
, b
]
.
It follows that
f (2m)(x) = G2m(x). (34)
It is easy to find that the left-hand side of inequality (33) becomes
L.H.S.(33) = 4m
2
(4m+ 1)((2m+ 1)!)244m (b− a)
4m+1, (35)
and the right-hand side of inequality (33) is
R.H.S.(33) = 2m√
4m+ 1(2m+ 1)!42m C(b− a)
4m+1. (36)
It follows from (33), (35) and (36) that
C ≥ 2m√
4m+ 1(2m+ 1)!42m ,
which prove that the constant 2m√
4m+1(2m+1)!42m is the best possible in (32). 
Acknowledgments
This work was supported by the National Natural Science Foundation of China (Grant No. 40975002), the Tianyuan Fund
ofMathematics (GrantNo. 11026211) and theNatural Science Foundation of the JiangsuHigher Education Institutions (Grant
No. 09KJB110005).
References
[1] N.S. Barnett, S.S. Dragomir, Applications ofOstrowski’s version of theGrüss inequality for trapezoid type rules, Tamkang J.Math. 37 (2) (2006) 163–173.
[2] P. Cerone, S.S. Dragomir, Trapezoidal-type rules from an inequalities point of view, in: G. Anastassiou (Ed.), Handbook of Analytic-Computational
Methods in Applied Mathematics, CRC Press, New York, 2000, pp. 65–134.
[3] P. Cerone, S.S. Dragomir, Midpoint-type rules from an inequalities point of view, in: G. Anastassiou (Ed.), Handbook of Analytic-Computational
Methods in Applied Mathematics, CRC Press, New York, 2000, pp. 65–134.
[4] S.S. Dragomir, P. Cerone, J. Roumeliotis, A new generalization of Ostrowski’s intergral inequality for mappings whose derivatives are bounded and
applications in numerical integration and for special means, Appl. Math. Lett. 13 (2000) 19–25.
[5] S.S. Dragomir, P. Cerone, A. Sofo, Some remarks on the trapezoid rule in numerical integration, Indian J. Pure Appl. Math. 31 (5) (2000) 475–494.
[6] S.S. Dragomir, T.M. Rassias, Ostrowski Type Inequalities and Applications in Numerical Integration, School and Communications and Informatics,
Victoria University of Technology, Victoria, Australia.
[7] V.N. Huy, Q.A. Ngo, New inequalities of Ostrowski-like type involving n knots and the Lp-norm of the m-th derivative, Appl. Math. Lett. 22 (2009)
1345–1350.
[8] V.N. Huy, Q.A. Ngo, A new way to think about Ostrowski-like type inequalities, Comput. Math. Appl. 59 (9) (2010) 3045–3052.
[9] V.N. Huy, Q.A. Ngo, New inequalities of Simpson-like type involving k nots and them-th derivative,Math. Comput.Modelling 52 (3–4) (2010) 522–528.
[10] W.J. Liu, Some weighted integral inequalities with a parameter and applications, Acta Appl. Math. 109 (2) (2010) 389–400.
[11] W.J. Liu, Several error inequalities for a quadrature formula with a parameter and applications, Comput. Math. Appl. 56 (2008) 1766–1772.
[12] W.J. Liu, Q.L. Xue, S.F. Wang, Several new perturbed Ostrowski-like type inequalities, J. Inequal. Pure Appl. Math. 8 (4) (2007) Art.110, 6 pp.
[13] Z. Liu, An inequality of Simpson type, Proc. R. Soc. A 461 (2005) 2155–2158.
[14] Z. Liu, On sharp perturbed midpoint inequalities, Tamkang J. Math. 36 (2) (2005) 131–136.
[15] Z. Liu, More on inequalities of Simpson type, Acta Math. Acad. Paedagog. Nyházi. 23 (2007) 15–22.
[16] B.G. Pachpatte, A note on Ostrowski like inequalities, J. Inequal. Pure Appl. Math. 6 (4) (2005) Art. 114.
[17] J. Pec˘arić, S. Varos˘anec, Harmonic polynomials and generalization of Ostrowski inequality with applications in numerical integration, Nonlinear Anal.
47 (2001) 2365–2374.
[18] Y.X. Shi, Z. Liu, Some sharp Simpson type inequalities and applications, Appl. Math. E-Notes 9 (2009) 205–215.
[19] N. Ujević, Error inequalities for a generalized quadrature rule, Gen. Math. 13 (4) (2005) 51–64.
[20] N. Ujević, A.J. Roberts, A corrected quadrature formula and applications, ANZIAM J. 45 (E) (2004) E41–E56.
[21] N. Ujević, Error inequalities for a generalized trapezoid rule, Appl. Math. Lett. 19 (2006) 32–37.
[22] N. Ujević, Error inequalities for an optimal 2-point quadrature formula of open type, in: Inequality Theory and Applications, vol. 4, Nova Sci. Publ.,
New York, 2007, pp. 153–165.
